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FINITE GROUP ACTIONS ON KAN COMPLEXES
GOUTAM MUKHERJEE, SWAGATA SARKAR, AND DEBASIS SEN
Abstract. We study simplicial action of groups on one vertex Kan complexes.
We show that every semi-direct product of the fundamental group of an one vertex
Kan complex with a finite group can be simplicially realized. We also calculate
the cohomology of the fixed point set of a finite p−group action on an one vertex
aspherical Kan complex.
1. Introduction
Aspherical Kan complexes are Kan complexes all whose higher homotopy groups
are trivial. This concept is a generalization of the concept of K(π, 1) spaces in the
simplicial context. It may be mentioned that K(π, 1) spaces play an important role
in topology, geometry and group theory.
In Section 2 we give the basic definitions and properties of one vertex Kan com-
plexes. The techniques we have used for studying the group actions here are mostly
generalizations of techniques developed by Conner and Raymond to study group ac-
tions on aspherical manifolds in the papers [CR70,CR72,CR75,CR77,CRW72]. One
of the techniques involves lifting the group action to the universal cover. This is the
main reason we introduce the notion of one vertex Kan complexes. Note that the
geometric realization of an one vertex Kan complex is a connected CW complex.
In Section 3, we start with the definition of a regular covering space of a one vertex
Kan complex. There is not enough exposition of regular covering of Kan complexes
available in literature, in contrast to universal covering. Therefore, keeping the general
situation in mind, wherever possible, we have proved the results on regular covers,
instead of the universal cover.
In the next section, Section 4, we study the lifting problem of a given action to a
regular cover. Note that all actions we consider are simplicial.
Now, let (K, φ) be a one vertex Kan complex with only one 0-simplex φ and fun-
damental group π := π1(K, φ). Let G be a discrete group acting effectively on (K, φ).
Note that, in case of a simplicial action on an one vertex Kan complex, the fixed point
set is always non-empty. Hence, we have a homomorphism ϕ : G→ Aut(π) given by
g · [x] := [g · x], where g ∈ G and [x] ∈ π. This homomorphism is called the abstract
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kernel. In Theorem 5.2, we show that such an abstract kernel, ϕ : G→ Aut(π), aris-
ing out of a discrete group action on an one vertex Kan complex, gives rise to a group
extension
1 −→ π −→ L −→ G −→ 1.
This group extension, L, can be simplicially realized as a group of morphisms of the
universal cover, K˜, of K, in such a way that the action (L, K˜) covers the action
(G,K). Moreover, there is a natural isomorphism between the isotropy groups Gp(x)
and Lx, where x ∈ K˜ and p is the covering map.
Conversely, we prove that given an extension, L, of the fundamental group π, of a
one vertex Kan complex, by a finite group G:
1 −→ π −→ L −→ G −→ 1
such that the extension L is a semi-direct product of π and G, there exists an one
vertex Kan complex Y , such that L acts on Y - simplicially realizing the extension
(cf. Theorem 5.3).
In the last section, we calculate the cohomology of the fixed point set of a finite
p−group action on a one vertex, aspherical Kan complex, and, as a by-product, get a
variant of Borel’s Theorem [CR72, Theorem 3.1] for minimal, aspherical, one vertex
Kan complexes.
2. Preliminaries
In this section we set up notation and review various definitions and properties of
simplicial objects ( [May92], [GJ99]). We begin with the definition of a simplicial set.
2.1. Definition. A simplicial set X is a sequence {Xn}n≥0 of sets, together with
set-maps ∂i : Xn → Xn−1 and si : Xn → Xn+1, 0 ≤ i ≤ n, satisfying the following
simplicial identities,
∂i∂j = ∂j−1∂i, ∂isj = sj−1∂i, if i < j,
∂jsj = id = ∂j+1sj,
∂isj = sj∂i−1, i > j + 1; sisj = sj+1si, i ≤ j.
A simplicial map f : X → Y between two simplicial sets is a collection of maps
fn : Xn → Yn, n ≥ 0, commuting with ∂i and si.
For a simplicial set X , elements of Xn are called n-simplices. A simplex x ∈ Xn is
called degenerate if x = six
′ for some x′ ∈ Xn−1, 0 ≤ i ≤ n − 1. Otherwise x ∈ Xn
is called non-degenerate. A simplicial set is said to be finite if all simplices above a
fixed dimension are degenerate.
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The simplicial set ∆[n], n ≥ 0, is defined as follows. The set of q-simplices is
∆[n]q = {(a0, a1, · · · , aq); where ai ∈ Z, 0 ≤ a0 ≤ a1 ≤ · · · ≤ aq ≤ n}.
The face and degeneracy maps are defined by
∂i(a0, · · · , aq) = (a0, · · · , ai−1, ai+1, · · · , aq),
si(a0, · · · , aq) = (a0, · · · , ai, ai, ai+1, · · · , aq).
We have simplicial maps
δi : ∆[n− 1]→ ∆[n], σi : ∆[n + 1]→ ∆[n], 0 ≤ i ≤ n,
defined by δi(∆n−1) = ∂i(∆n) and σi(∆n+1) = si(∆n).
2.2. Definition. The boundary subcomplex ∂∆[n] of ∆[n] is defined as the smallest
subcomplex of ∆[n] containing the faces ∂i∆n, i = 0, 1, · · · , n. The k-th horn Λ
n
k of
∆[n] is the subcomplex of ∆[n] which is generated by all the faces ∂i∆n except the
k-th face ∂k∆n.
2.3. Definition. A simplicial set X is called a Kan complex if for every collection of
(n+ 1)-tuple of n-simplices (x0, · · · , xk−1, xˆk, xk+1, · · · , xn+1) satisfying the compati-
bility conditions ∂ixj = ∂j−1xi, i < j, i 6= k, j 6= k, there exists an (n+ 1)-simplex x
such that ∂ix = xi, i 6= k.
The defining condition of a Kan complex is equivalent to the following statement.
Any simplicial map from the k-th horn Λn+1k to X can be extended to ∆[n+1], where
n ≥ 0 and 0 ≤ k ≤ n.
2.4. Definition. A Kan complex X is said to be minimal if ∂ix = ∂iy, i 6= k, implies
∂kx = ∂ky.
Next we briefly recall the definitions of homology and cohomology of a simpli-
cial set. For a simplicial set X , let Cn(X) denote the quotient of the free abelian
group generated by the n-simplices of X by the subgroup generated by the de-
generate n-simplices. Define d : Cn(X) → Cn−1(X) by d =
∑n
i=0(−1)
i∂i. Then
{C∗(X), d} becomes a chain complex, called the normalized chain complex of X .
Given an abelian group A, the normalized cochain complex {C∗(X ;A), δ} is defined
by Cn(X ;A) = HomAb(Cn(X), A) with differential δ : C
n(X ;A)→ Cn+1(X ;A), given
by δf = (−1)n+1f ◦ d, f ∈ Cn(X ;A), where Ab denote the category of abelian
groups and group homomorphisms. Then the homology and cohomology groups of
X with coefficients in A are defined by Hn(X ;A) := Hn(C∗(X) ⊗ A, d ⊗ id), and,
Hn(X ;A) := Hn(C∗(X ;A), δ), respectively.
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2.5. Definition. The cartesian product X × Y of two simplicial sets X and Y is
defined by (X × Y )n = Xn × Yn with the face and degeneracy maps given by
∂i(x, y) = (∂ix, ∂iy) and si(x, y) = (six, siy).
We define the concept of homotopy on simplicial sets:
2.6.Definition. Let f, g : X → Y be simplicial maps. Then f is said to be homotopic
to g, written as f ≃ g, if there is a simplicial map H : X ×∆[1]→ Y such that
H ◦ (id× δ1) = f, H ◦ (id× δ0) = g,
where we identity X ×∆[0] with X and δ0, δ1 : ∆[0] → ∆[1] are the simplicial maps
as defined earlier.
Suppose that X ′ and Y ′ are subcomplexes of X and Y respectively such that f, g
takeX ′ into Y ′. If f |X′ = g|X′ (=α, say) then a homotopyH : f ≃ g is called a relative
homotopy if H◦ (i× id) = α ◦ pr1, where pr1 : X
′×∆[1]→ X ′ is the projection onto
the first factor and i : X ′ →֒ X is the inclusion. In this case we write f ≃ g (rel X ′).
Intuitively, the homotopy leaves the restrictions of f to X ′ unchanged.
Note that the homotopy relation may in general fail to be an equivalence relation
on the set HomS(X, Y ). But, homotopy is an equivalence relation on HomS(X, Y )
if Y is a Kan complex [May92]. Thus we have the notions of homotopy equivalence,
contractibility, etc., of simplicial sets.
Let X be a simplicial set and φ ∈ X0. Then φ generates a subcomplex of X which
has exactly one simplex sn−1 · · · s0(φ) in dimension n. We will write φ unambiguously
to denote either this subcomplex or any of its simplices.
2.7. Definition. For a Kan complex X and φ ∈ X0, define
πn(X, φ) := HomS((∆[n], ∂∆[n]), (X, φ))/ ≃ (rel ∂∆[n]), n ≥ 0.
In general π0(X, φ) is just a set. For n ≥ 1, πn(X, φ) is a group and it is abelian
for n > 1. One calls π1(X, φ) the fundamental group of X .
2.8. Definition. Given a group π and a non-negative integer n, a Kan complex X is
called an Eilenberg-Mac Lane complex of type (π, n) if πn(X, φ) = π and πi(X, φ) = 0
for i 6= n. Such a complex is called a K(π, n)-complex if it is minimal.
Observe that π has to be abelian if n > 1. It is well known that any two K(π, n)
complexes are isomorphic and K(π, n)n = π.
Note that the simplicial group πq = π, q ≥ 0, with all face and degeneracy maps
the identity, is a K(π, 0)-complex.
2.9. Definition. An one vertex Kan complex (K, φ) is said to be aspherical if it is
an Eilenberg-Mac Lane complex of type (π, 1), or equivalently, if it’s universal cover
is contractible.
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The Eilenberg-Mac Lane complexes classify simplicial cohomology in the following
sense.
2.10. Theorem ( [May92]). For a simplicial set X and an abelian group A, there is
natural bijection
Hn(X ;A)↔ [X,K(A, n)].
Here [X,K(π, n)] denotes the homotopy class of simplicial maps from X to K(A, n).
3. Regular Cover of a Kan Complex
In this section we introduce the notion of regular cover of a one vertex Kan complex,
generalizing the universal cover [Gug60]. We begin with the definition of a covering
map on a Kan complex.
3.1. Definition. A simplicial map between two complexes p : E → B is called a Kan
fibration if for every collection of n + 1 compatible n-simplices x0, · · · , xˆk, · · · , xn+1
of E, i.e., ∂ixj = ∂j−1xi for i < j and i, j 6= k, which lie above the faces of some
(n + 1)-simplex z of B, i.e., ∂iz = p(xi) for i 6= k, there exists an (n + 1)-simplex y
of E such that p(y) = z and ∂iy = xi for i 6= k. If, in addition, we require the above
simplex y to be unique, then the map p is called a covering map.
In the above definition, E is called the total complex, B the base complex, and
Fφ = p
−1(φB) is called the fibre over φB, where φB is the complex generated by a
vertex φ ∈ B0. The triple (E, p, B) is called a fibre space.
Let K be a one vertex Kan complex, with only one 0-simplex φ and fundamental
group π = π1(K, φ). Let H ≤ π be a normal subgroup of π. Then the Kan complex
which is the covering complex of K corresponding to H is described as follows :
3.2. Definition. Define a complex K˜H by (K˜H)n = Kn × π/H with face and degen-
eracy operators defined by:
• ∂i(x, α) = (∂ix, α), 0 ≤ i < n, ∂n(x, α) = (∂nx, [∂0
n−1x]−1α),
• si(x, α) = (six, α), 0 ≤ i ≤ n,
where x ∈ Kn and α denotes the coset in π/H represented by α ∈ π.
3.3. Proposition. With notations as above, K˜H is a Kan complex with fundamental
group H and the projection p : K˜H → K, p(x, α) = x, is a covering map.
Proof. Since K is a Kan complex, most of the simplicial identities for K˜H follow triv-
ially from the simplicial identities forK, and it suffices to verify that ∂n+1sn = Id(K˜H )n .
We take (x, α) ∈ (K˜H)n and since we know that ∂
n
0 x = φ we have, ∂n+1sn(x, α) =
(∂n+1snx, [∂
n
0 snx]
−1 ∗ α) = (x, [s0∂
n
0 x]
−1 ∗ α) = (x, α), and hence we are done.
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Next we prove that K˜H is also a Kan complex.
Consider a (n + 1)-tuple (x˜0, · · · , x˜k−1, x˜k+1, · · · x˜n+1) of compatible n-simplices in
K˜H , where x˜i = (xi, αi) ∈ (X˜H)n. Then we have, ∂ix˜j = ∂j−1x˜i for i < j and i, j 6=
k. Therefore the (n + 1)-tuple of n-simplices in K (x0, · · · , xk−1, xk+1, · · · , xn+1) is
compatible and hence, there exists an extension y ∈ Kn+1. To check the compatibility
of the second entry we consider the following cases: For k = n + 1, taking i, j ≤ n
and i = j − 1 and applying the condition ∂ix˜j = ∂j x˜i, we get αj−1 = αj = α0 (say)
for all j ≤ n. Hence, y˜ = (y, α0) is the required extension.
For k = n, we take j = n + 1 and i < j − 1. Then the compatibility con-
ditions give αn+1 = [∂
n−1
n xi]
−1αi. Further, applying compatibility conditions for
i < j < n, we get α0 = α1 = · · · = αn−1. Then y˜ = (y, α0) is the required ex-
tension. To see this, it suffices to check that ∂n+1y˜ = (xn+1, αn+1). Now, ∂n+1y˜ =
(∂n+1y, [∂
n
0 y]
−1α0) = (xn+1, [∂
n−1
0 x0]
−1α0) = (xn+1, αn+1). For the case k < n, we have
[∂n+10 xn+1]
−1αn+1 = [∂
n−1
0 xn]
−1αn, using the compatibility conditions for i = n, j =
n + 1. Moreover, if i < j ≤ n, then we get α0 = · · · = αk−1 = αk+1 = · · · = αn.
Therefore, we take y˜ = (y, αn). To prove that it is the desired extension, it suffices
to check that ∂n+1y˜ = (xn+1, αn+1), i.e [∂
n
0 y]
−1αn = αn+1. But we know that αn+1 =
[∂n+10 xn+1][∂
n−1
0 xn]
−1αn = [∂
n−1
0 ∂n+1y][∂
n−1
0 ∂ny]
−1αn. Applying simplicial identities,
we have ∂n−10 ∂n+1y = ∂2∂
n−1
0 y and ∂
n−1
0 ∂ny = ∂1∂
n−1
0 y. Therefore, [∂1z] = [∂0z][∂2z]
in π, where z = ∂n−10 y. Hence, αn+1 = [∂2z][∂1z]
−1αn = [∂0z]
−1αn = [∂
n
0 y]
−1αn.
With similar computations as above shows that the projection map p is a covering
map.
Finally, we calculate the fundamental group of K˜H . Consider the homotopy exact
sequence of the Kan fibration p : K˜H → K. Let F be the fibre over φ and let φ˜ = (φ, e)
be the point in the fibre which corresponds to the identity e of π/H . This fibre F
satisfies πn(F, φ˜) = 0 for n > 0. Now, if there exists a 1-simplex from the 0-simplex
(φ, α) ∈ F0 to the 0-simplex (φ, β) ∈ F0 of the fibre F over φ, then there exists
an element γ ∈ π/H such that ∂1(s0φ, γ) = (φ, α) and ∂0(s0φ, γ) = (φ, β). But,
∂0(s0φ, γ) = (φ, γ) = ∂1(s0φ, γ). Therefore, α = β and this implies that π0(F, φ˜) =
π/H . Consider the boundary map ∂H : π1(K, φ) → π0(F, φ˜) in the homotopy long
exact sequence of the Kan fibration p : X˜H → X . If α = [x] ∈ π1(K, φ), where x ∈ K1,
then, if we choose (x, β) such that ∂1(x, β) = φ˜, we have ∂1(x, β) = (∂1x, [x]
−1β) =
(φ, α−1β) = (φ, e). Hence, ∂H(α) = [∂0(x, β)] = (∂0x, β) = (φ, β) = (φ, α) and
therefore ∂H : π = π1(X, φ) → π0(F, φ˜) = π/H is just the projection map. Using
the homotopy exact sequence of the Kan fibration p : K˜H → K, we get π1(K˜H , φ˜) =
Ker ∂H = H . 
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3.4. Definition. The Kan complex K˜H , together with the map p : K˜H → K, is called
the regular cover of the one vertex Kan complex K, corresponding to the normal
subgroup H of the fundamental group of K.
The 0-simplex (φ, e) of K˜H is denoted by φ˜. The group π/H acts simplicially on
the right of the regular cover K˜H by multiplication on the second factor,
(3.5) ψ : π/H → Aut K˜H , (k, α)β := (k, αβ),
for all (k, α) ∈ K˜H and β ∈ π/H .
Throughout the paper, we shall use the notations of this section.
4. Lifting the action of a group to a regular cover
In this section we discuss the problem of lifting a simplicial group action on a one
vertex Kan complex to a regular cover.
Let G be a discrete group acting simplicially on a one vertex Kan complex (K, φ),
with vertex φ. The action of G induces a homomorphism G −→ Aut(π), given by
g 7→ g∗, with g∗ defined by g∗[x] := [gx], where g ∈ G and [x] ∈ π.
4.1. Theorem. Let H ≤ π1(K, φ) be a normal subgroup invariant under the action
of G on π1(K, φ). Then the G−action on K can be lifted to a G−action on KH such
that the covering map p : KH −→ K is G−equivariant.
Moreover, for all g ∈ G, b ∈ K˜H and α ∈ π1(K, φ)/H
g(b · α) = (gb)g∗(α).
Proof. Since the action of G preserves H , i.e., g(H) = H , for all g ∈ G, we have a
homomorphism ϕ : G→ Aut(π/H). By abuse of notation, we also denote ϕ(g) by g∗.
Using this we lift the action of G on K to an action of G on the regular cover K˜H of
K. If g ∈ G, k ∈ K and α ∈ π/H , then the action of G on (K˜H)n = Kn × π/H is
the diagonal action given by
(4.2) g · (k, α) = (gk, g∗(α)).
We check that this action is well-defined. Let (k, α) ∈ (K˜H)n. It is enough to check
that ∂n commutes with the action of g on K˜H . We have,
∂n(g(k, α)) = ∂n(gk, g∗(α))
= (∂n(gk), [g∂
n−1
0 k]
−1g∗(α))
= (g∂nk, g∗([∂
n−1
0 k]
−1)g∗(α))
= (g∂nk, g∗([∂
n−1
0 k]
−1α))
= g · (∂nk, [∂
n−1
0 k]
−1α)
= g · ∂n(k, α).
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Then the right action of π/H on K˜H is related to the left action of G as follows:
g · ((k, α)β) = g.(k, αβ) = (gk, g∗(αβ)) = (gk, g∗(α))g∗(β) = (g · (k, α))g∗(β). 
Let G be a group and and π be a G-module. For each g ∈ G, let g∗ denote the
corresponding automorphism of π.
4.3. Definition. A crossed homomorphism is a function ϕ : G → π satisfying the
relation ϕ(gh) = ϕ(g)g∗(h), for all g, h ∈ G.
To each crossed homomorphism we associate the graph Gϕ ⊂ π ⋊ G, which is the
image of the isomorphism g 7→ (ϕ(g), g).
We will denote by Gy the isotropy subgroup at any y ∈ K. Let b ∈ K˜H . Since π/H
acts by deck transformations on K˜H , for any g ∈ Gp(b), there is a unique α ∈ π/H
such that gb = bα. We define a crossed homomorphism
rb : Gp(b) −→ π/H, g 7→ α
Let g, g
′
∈ Gp(b). Then, brb(gg
′
) = (gg
′
)b = (g(g
′
.b) = g(brb(g
′
))) = (gb)(g∗(rb(g
′
))) =
brb(g)g∗(rb(g
′
)). Therefore, rb(gg
′
) = rb(g)g∗(rb(g
′
)) and rb is indeed a crossed homo-
morphism with kernel,
Ker rb = {g ∈ Gp(b)|rb(g) = e ∈ π/H} = Gb.
We have the following lemma.
4.4. Lemma. For b ∈ K˜H , α ∈ π/H, gˆ ∈ G we have:
(i) rbα = α
−1rb(g)g∗(α).
(ii) rgˆb(gˆggˆ
−1) = gˆ∗rb(g), for all g ∈ Gp(b).
Proof. (i) Note that since p(b) = p(bα), rb and rbα are both defined on Gp(b). We have
bαrbα(g) = g(bα) = (gb)g∗(α) = brb(g)g∗(α) = b = α α
−1rb(g)g∗(α).
(ii) Again, note that Gp(gˆb) = Ggˆp(b) = gˆGp(b)gˆ
−1. Therefore all the maps are de-
fined. Now, if g ∈ Gp(b), then gb = brb(g). Hence, gˆggˆ
−1gˆb = gˆ(gb) = gˆ(brb(g)) =
(gˆb)(gˆ∗rb(g)). 
Let KG ⊂ K denote the fixed point set of the action of G on K and let E ⊂ K˜H be
the fixed point set of the lifted action of G on K˜H . Then we have the following result:
4.5. Proposition. If α ∈ π/H is such that E ∩Eα is non-empty, then g∗(α) = α for
all g ∈ G and E = Eα.
Proof. Note that for any b ∈ E,Gb = G and the crossed homomorphism rb : G→ π/H
is trivial. Since E∩Eα is non-empty, choose b ∈ E such that bα ∈ E. Then rbα : G→
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π/H is also trivial. But, by previous lemma, we have rbα(g) = α
−1rb(g)g∗(α). There-
fore, α−1g∗(α) = 1 for all g ∈ G. That is, g∗(α) = α for all g ∈ G, which also implies
Eα = E. 
Let Γ ⊂ π/H be the fixed point set of the action of G on π/H , i.e.,
Γ := {α ∈ π/H|g∗(α) = α, ∀g ∈ G}.
Then, since E is invariant under the action of Γ on K˜H , the previous result shows
that
E/Γ = Im(π|E : E → K) = K
G.
We end this section by combining the two actions on the regular cover of a one ver-
tex Kan complex. Let ϕ : G → Aut(π/H) denote the homomorphism corresponding
to the action of G and for g ∈ G, let g∗ denote the automorphism ϕ(g). Then ϕ can
be used to form the semi direct product G⋊ϕ π/H , whose undelying set is G× π/H ,
with multiplication in the semi direct product given by
(g, α) · (h, β) := (gh, h−1∗ (α)β).
Then we combine the left covering action of G on K˜H with the right action of π/H ,
by deck transformations, to a right action of G⋊ϕ π/H as follows: if b = (k, β) ∈ K˜H
and (g, α) ∈ G⋊ π/H , then
b · (g, α) = (k, β) · (g, α) = (g−1(k, β))α = (g−1k, g−1∗ (β)α).
Note that, if b · (g, α) = b, then (g−1b)α = b,that is, g−1b = bα−1, that is, α = rb(g).
Therefore, at each point b ∈ K˜H , the isotropy subgroup of the action of G⋊ π/H is
the graph of the function rb : Gp(b) → π/H . We summarize the above in a lemma:
4.6. Lemma. Let a group G act simplicially on K such that the normal subgroup
H ≤ π is invariant under the action of G. Then, at each point b ∈ K˜H , there is
a canonical crossed homomorphism rb : Gp(b) → π/H, whose graph is the isotropy
subgroup of the action of G⋊ϕ π/H on K˜H .
5. Group extensions and regular covers
In this section, we associate a split extension of π/H by a discrete group G, acting
on K, such that the extension group acts on K˜H , covering the given action of G.
Conversely, if we start with a split extension of π/H by a finite group G, then we
can find a one vertex Kan complex with an action of G, such that if we apply the
previous result then we obtain the given extension.
Let N and G be groups and let Aut(N) denote the group of automorphisms of N .
Let ϕ : G → Aut(N) denote a group homomorphism. Recall that we can define a
group extension L given by
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1 −→ N −→ L −→ G −→ 1,
where L = N ×G and multiplication in L is defined as
(g, x) · (h, y) = (gϕ(x)(h), xy), g, h ∈ N and x, y ∈ G.
Given the above situation, we have the following lemma.
5.1. Lemma. Let M be a group. If h : N →M is a group homomorphism, then h can
be extended to a homomorphism H : L→M if and only if there exist a homomorphism
T : G→M such that T (x) · h(g) = h(ϕ(x)(g)) · T (x) , for all x ∈ G and g ∈ N .
Proof. First suppose that there exists a homomorphism T : G→ M such that T (x) ·
h(g) = h(ϕ(x)(g)) · T (x) , for all x ∈ G and g ∈ N . Then we can define H : L→ M
by H(g, x) = h(g) · T (x). Since
H(g1 · ϕ(x)g2, x.y) = h(g1) · h(ϕ(x)(g2)) · T (x) · T (y)
= h(g1) · T (x)h(g2) · T (y)
= H(g1, x) ·H(g2, x),
for all g1, g2 ∈ N and x, y ∈ G, H is the required homomorphism.
Conversely, suppose an extended homomorphism H : L → M exists. We can define
T : G → M by T (x) := H(0, x), where 0 denotes the identity of N . Then T is
obviously a homomorphism and for x ∈ G and g ∈ N , we have
T (x)h(g) = H((0, x) · (g, eG))
= H(ϕ(x)(g), x)
= H(ϕ(x)(g), eG)H(0, x)
= h(ϕ(x)(g))T (x)
Hence the lemma. 
Let G be a discrete group acting on K, such that the action by any element of G
preserves H , for some normal subgroup H ≤ π . Then we have a homomorphism
ϕ : G→ Aut(π/H). This determines a split extension,
1→ π/H → L
η
−→ G −→ 1.
Recall that π/H acts on K˜H by the homomorphism ψ (cf. Eq. 3.5).
5.2. Theorem. With notations as above, the π/H action on K˜H can be extended to
a L-action on K˜H such that under η × p : (L, K˜H) → (G,K), where p : K˜H → K is
the covering projection, (L, K˜H) covers the action (G,K). Furthermore, there is a
natural isomorphism between the isotropy groups Gp(x) and Lx, where x ∈ K˜H .
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Proof. Using Theorem 4.1, we lift the G-action to an action on the regular cover
K˜H . Recall from Eq. 4.2 that this action T : G → Aut(K˜H) is given by (x, σ) 7→
(f · x, ϕ(f) · σ). Then,
T (f)ψ(α)(x, σ) = T (f)(x, σα)
= (fx, ϕ(f)(σα))
= (fx, ϕ(f)(σ)ϕ(f)(α))
= ψ(ϕ(f)(α))(fx, ϕ(f)σ)
= ψ(ϕ(f)(α))T (f)(x, σ).
Hence, by Lemma 5.1 we have an extension Ψ: L→ Aut(K˜H), which gives an action
of L on K˜H .
For f ∈ Gp(x), choose unique α ∈ π/H such that T (f)(x) = ψ(α
−1)(x). This gives
a one-to-one correspondence between the isotropy groups Gp(x) and Lx. Also, since,
for (f, α) and (g, β) ∈ Lx,
x = ψ(α) · T (f) · ψ(β) · T (g)(x)
= ψ(α) · ψ(ϕ(f)(β)) · T (f) · T (g)(x)
= Ψ(α · ϕ(f)(β)) · T (f · g)(x)
the above correspondence between Gp(x) and Lx is an isomorphism of groups.

Let us now consider the converse problem, viz., if we are given a group extension
1 −→ π/H −→ L −→ G −→ 1
of π/H by a finite G, can we realize this extension simplicially by the previous con-
struction? This can be done as follows provided that L is the semi-direct product of
π/H and G, corresponding to some homomorphism ϕ : G→ Aut(π/H).
5.3. Theorem. Given a split extension
1 −→ π/H −→ L −→ G −→ 1,
of π/H by a finite group G, corresponding to a homomorphism ϕ : G → Aut(π/H),
there is a one vertex Kan complex with G-action, such that application of construction
of Theorem 5.2 on it yields the given extension.
Proof. Since G is finite, define Y to be the set of all functions χ : G → K˜H , written
as the iterated Cartesian product with itself. Then Y is also a Kan complex with
one vertex. Using the homomorphism ϕ : G→ Aut(π/H), we can define an action of
π/H on Y as follows:
To each σ ∈ π/H associate a morphism Σ: Y → Y , defined by :
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Σ(χ)(z) := ψ(ϕ(z)(σ))(χ(z)), χ ∈ Y, z ∈ G.
Then the homomorphism θ : π/H → Hom(Y ), which takes σ 7→ Σ defines a left action
of π/H on Y . This action is free since the action of π/H on K˜H is free. We now
define a homomorphism J : G → Hom(Y ) by associating to each x ∈ G a simplicial
morphism Jx : Y → Y given by Jx(χ)(z) := χ(xz). Since
(Jx ◦ Jy)(χ)(z) = Jx(χ)(yz) = χ(xyz) = Jxy(χ)(z),
the map J is a homomorphism. Further we have,
(Jx ◦ Σ)(χ)(z) = Jx(ψ(ϕ(z)(σ))(χ(z)))
= ψ(ϕ(x)ϕ(z)(σ))Jx(χ)(z)
= ψ(ϕ(x)ϕ(z)(σ))(χ)(xz).
Therefore by Lemma 5.1, the action θ of π/H on Y extends to an action of L on
Y . Hence we have an action of L/(π/H) = G on Y/(π/H). This action of G on
Y/(π/H) is such that applying the previous construction on this gives the action of
L on Y . 
6. Action of a finite group on aspherical Kan complex
In this section we will study aspherical Kan complexes and discuss the action of
a finite group on an aspherical, finite, one vertex Kan complex. Recall that a Kan
complex is said to be finite if all simplices above a certain dimension are degenerate
and an aspherical one vertex Kan complex is an Eilenberg-Maclane complex.
In the previous section, we have seen that if G is a finite group acting on a one
vertex Kan complex (K, φ), with fundamental group π, then we have a homomorphism
ϕ : G → Aut(π). This homomorphism is called the associated abstract kernel and
gives rise to a group extension:
1 −→ π −→ L −→ G −→ 1.
In other words, we have shown that every abstract kernel can be algebraically
realized. We now consider the specific case where G is a p−group and K is a finite,
aspherical one vertex Kan complex. We denote the fixed point set of G-action by
KG.
6.1. Theorem. Let G be a finite p-group, p prime, acting on aspherical one vertex
Kan complex K such that H∗(K;Zp) is finite dimensional as a vector space over Zp.
Let KG denote the fixed point set of this action. Then we have the following:
(i) KG itself is a one vertex Kan complex, with only one 0-simplex φ.
(ii) H∗(KG;Zp) ∼= H
∗(Γ;Zp), where Γ = {α ∈ π|g∗(α) = α, ∀g ∈ G}.
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(iii) Im(π1(K
G, φ) −→ π1(K, φ)) = Γ.
Proof. To prove the above theorem, we use the following version of Smith Theorem for
Kan complexes, which may be proved using simplicial Bredon cohomology, following
the method for G-CW complexes as described in [May87].
6.2. Theorem ( [Sm38]). Let G be a finite p-group, p prime, acting on a finite
one vertex Kan complex K such that H∗(K;Zp) is finite dimensional as a vector
space over Zp. Further, let H
i(K;Zp) = 0 for i > 0, and H
0(K;Zp) ∼= Zp. Then,
H i(KG;Zp) = 0 for i > 0, and H
0(KG;Zp) ∼= Zp.
Since the action of G on K is simplicial, (i) is clear. Let K˜ denote the universal
covering complex of K and let φ˜ = (φ, e), where e denotes the identity of π. Then K˜
is a contractible one vertex Kan complex and hence acyclic mod Zp.
As shown in the earlier section, the action (G,K, φ) can be lifted to an action
(G, K˜, φ˜). Let E := K˜G denote the fixed point set of this action. Then, by Smith
Theorem 6.2, E is acyclic mod Zp.
Now, we know E/Γ = KG ⊂ K. Furthermore, since the action of G on K˜ is given by
g · (k, α) = (g · k, g∗(α)), where g ∈ G, k ∈ K and α ∈ π, we have Im(π1(K
G, φ) −→
π1(K, φ)) = Γ.
Applying the Cartan-Leray spectral sequence [Car48] to (E,Γ), we get a spectral
sequence with E2-term
Ep,q2 = H
p(Γ;Hq(Zp)),
which converges to H∗(KG;Zp). Therefore, by Zp-acyclicity, we have,
H∗(KG;Zp) ∼= H
∗(Γ;Zp).
This proves the theorem. 
Notice that when K is also minimal, we have the following corollary.
6.3.Corollary. Let G be a finite p-group action on a finite, one vertex, K(π, 1)−complex
(K, φ) with H∗(K;Zp) finite dimensional as vector space over Zp. If the induced ac-
tion of G on π1(K, φ) is trivial, then G acts trivially on K.
Proof. Under the hypothesis Γ = π1(K, φ), hence H
∗(KG;Zp) ∼= H
∗(K;Zp). Also,
KG ⊂ K. Therefore, since K is a minimal Eilenberg-Maclane complex, we have
KG = K. 
As a corollary we get a version of Borel’s Theorem [CR72, Theorem 3.2] in the
present context.
6.4. Corollary. Let (K, φ) be a finite, one vertex, K(π, 1)−complex, with finite di-
mensional Zp-cohomology, for all primes p. Let G be a finite group acting effectively
on K. Then the associated abstract kernel, ϕ : G→ Aut(π), is a monomorphism.
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Proof. Suppose this is false. Then, for some prime p, Kerϕ contains a non-trivial
Sylow p-subgroup, say, L. Then, applying Corollary 6.3, we see that the action of L
on K is trivial, which contradicts the effectiveness of the action of G. 
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